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0. The varieties of mathematical text.

Mathematicians make use of a great variety of mathematical literature: text books and reference books, lecture notes and surveys, research papers, collected works, handbooks and encyclopedias.  Increasingly, mathematicians are relying on resources online: MathSciNet, e-journals, archives and encyclopedias.  Several Web-based systems of mathematical writings (MathWorld, PlanetMath, Wikipedia) and databases (the Online Encyclopedia of Integer Sequences, the Inverse Symbolic Calculator, and similar pages) have seen increasing use ([AMS], [ISC], [OEIS], [Pla], [Wik], [Wol]).
This paper describes a portion of the Mathematics Hypertext Project, a new Web-based

mathematical text.  An earlier paper[May] gives the design, goals, and organization of the text.  This paper describes a portion of the text on real numbers, and shows some of the benefits and challenges of a hypertext organization of mathematics.
1.  What are the real numbers?

Real numbers are essential, ubiquitous notions of mathematics that occur in every field of mathematics.  The aim of the text is a “comprehensive introduction" to the real numbers, one that explores the different meanings of real numbers and their uses in different subjects.  This text should include:

Foundations and construction of the real numbers


Different classifications or types of real numbers


The real number system as a system related to other similar systems


Extensions and substructures of the real numbers
The text must take a broad and systematic look at the real numbers in different contexts.  Each set of ideas is described briefly and informally, and then the text links off to a more specialized exposition.  Here we outline the diverse viewpoints or aspects of the real number system.

2.   Ten ways of looking at real numbers
2.1 Foundations of the real number system

The text presents three ways to define real numbers and their arithmetic operations from rationals or the integers:

Dedekind cuts of rational numbers


Equivalence classes of Cauchy sequences of rational numbers


Base-10 digit sequences
The first two methods are fairly standard.  The development of real numbers as infinite decimal expansions is not in favor, but it seems worthwhile to show that the way we often think of real numbers, as infinite decimal expansions, can be made into a perfectly sound foundation.

There are several forms of the Completeness Axiom for the real numbers.  This axiom implies the Archimedian property of the real numbers, and the categoricity of the real number system.

2.2 The real numbers as a linear order

The real numbers form the unique linear order that is dense, without endpoints, Dedekind-complete, and separable.
Suslin asked if we can replace separability with the countable chain condition: every collection of disjoint nontrivial closed intervals is at most countable.  Does this also characterize the real numbers?  A counterexample is called a Suslin line. The existence of a Suslin line has been proven to be independent of the ZFC axioms of set theory ([Jech]).
The real numbers may be viewed as a space of branches of an infinite tree.  A tree here is a partial order whose initial segments are well-ordered, and branches are maximal linearly ordered subsets.  One construction of the reals as a branch space is given in [Ben].  Different trees (Suslin trees, Aronszajn trees, Kurepa trees) give rise to different linear orders. For a discussion, see [Kun].
2.3 The real numbers as a topological space

The real numbers with the usual topology have a nice topological characterization:

If 
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 is a regular, separable, connected, locally connected space, in which every
point is a cut point, then 
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 is homeomorphic to the real line.

Note: A point 
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in a connected space 
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 is a cut-point if 
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Another topological characterization:  Replace “regular” with “metrizable” ([Pur]).
The real numbers are a complete separable metric space, a “Polish space”.  In addition, the real numbers are a perfect space (i.e., it has no isolated points).  Other examples of perfect Polish spaces:

Cantor space: 
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, all sequences of 0’s and 1’s


Baire space: 
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, all sequences of natural numbers


Finite or countable products of perfect Polish spaces

Theorem:  Every perfect Polish space is Borel-isomorphic to the real numbers ([Mos]).
The real line is a one-dimensional topological manifold.  We can classify all connected Hausdorff one-dimensional manifolds, without assuming metrizability or paracompactness, as one of four homeomorphic types: the real line, the circle, the long line, and the open long ray ([Kun]).
2.4. The real numbers as a completion of the rational numbers

The real numbers are one of the completions of the rational numbers defined by a valuation.

A valuation 
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 is a function from a field to the nonnegative real numbers with properties analogous to a norm or absolute value:
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Any power of a valuation is also a valuation, and we say that two valuations are equivalent if one is a power of the other.  In particular, each valuation is equivalent to one which satisfies
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.  Such a valuation defines a metric on a field: the distance between 
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Any field has a trivial valuation, in which
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 for nonzero 
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.  The rationals also have a p-adic valuation 
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, for every prime p.  For any nonzero rational 
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 are integers and 
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Ostrowski’s Theorem:  The inequivalent valuations on the rational numbers are absolute value 
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, the trivial valuation, and the p-adic valuations 
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The metric completions of the rationals defined by a valuation are:



[image: image29.wmf]Q

 with the discrete topology (using the trivial valuation)
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 (the real numbers, using absolute value)
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(the p-adic reals, using the p-adic valuation). ([Wei])
2.5 The real numbers as a field

The real numbers satisfy the axioms of an ordered field.  Subfields of the real numbers include:

the rational numbers


the real algebraic number fields

the computable real numbers


the constructible real numbers

The algebraic completion of the real numbers is the system of complex numbers.  In fact, the field of real numbers is the prototypical real-closed field: its algebraic closure is a finite extension.  The Artin-Schreier theorem characterizes a real-closed field: its algebraic closure is obtained by adjoining 
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, its characteristic is 0, and it has a linear order where positive numbers have square roots, but -1 cannot be represented as a sum of squares.
Any field is a vector space over a subfield.  The real numbers form a vector space over the rational numbers.  A basis for this vector space is called a Hamel basis, and it can be used, for example, to define discontinuous solutions to the functional equation 
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2.6  The real numbers as an algebra

We consider algebras over the reals that are not necessarily associative.  To what extent can the operations on the reals extend to finite-dimensional algebras over the reals?  Here we give a few well-known results: ([Ebb])
The finite-dimensional associative real division algebras are the real numbers, complex numbers, and the quaternions (Frobenius).
The finite-dimensional real commutative division algebras with unit are the real numbers and the complex numbers (Hopf)

The finite-dimensional real division algebras have dimension 1, 2, 4, or 8  (Kervaire, Milnor).
2.7  The cardinality of the real numbers

Cantor showed that the real numbers are not equinumerous with the integers.  Write 
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as the cardinal of the set of real numbers, the cardinal of the continuum.  Cantor’s Continuum Hypothesis states that 
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, the first uncountable ordinal.  It can be shown that the Continuum Hypothesis is independent of the axioms of ZFC.
The continuum must be uncountable, and must have uncountable cofinality.  This is because a countable product of copies of the continuum is equinumerous with the continuum.  For regular cardinals, there is no other restriction:

Easton’s theorem: Let 
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 be any regular cardinal in the ground model of ZFC with 
uncountable cofinality.  Then there is a generic extension which preserves 
cardinalities, in which 
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For example, the continuum could be 
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 but not 
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A variety of “cardinal invariants” of the continuum have been studied.  These are cardinals between 
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 (assuming the continuum hypothesis is false) that measure certain properties of real functions, measure, or category.  We give two well-known examples: the bounding number b, and the dominating number d.

For two functions 
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 for all sufficiently large 
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.  The bounding number b is the minimum number of functions f such that no g dominates every f.  The dominating number d is the minimum number of functions f such that every g is dominated by some function f.  These cardinals satisfy the relations 
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2.8 Number-theoretic classification of real numbers

We can classify real numbers as algebraic or transcendental numbers.  Algebraic numbers are roots of polynomial equations with integer coefficients.  Rational numbers are algebraic numbers of order 1, and transcendental numbers are defined to be real numbers that are not algebraic.
Liouville showed that if 
[image: image48.wmf]a

 is any nonzero algebraic number of order 
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, then it cannot be approximated too well by a rational number: for any rational number 
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Any number that is very well approximated by rationals must be transcendental.  In particular, if for infinitely many 
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is a transcendental number ([Har]).  Such numbers are called Liouville numbers.

Cantor showed that the set of algebraic numbers is countable, so that almost all real numbers are transcendental.
Mahler devised a classification of real numbers based on how well a number can be approximated by algebraic numbers.  His four classes are A, S, T, and U numbers, and their definitions may be found in [Bak].  The A-numbers are precisely the algebraic numbers.  Roughly speaking, U-numbers are well approximated by algebraic numbers, S-numbers are poorly approximated by algebraic numbers, and T-numbers are in between.
If 
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 are algebraically dependent, then 
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 belong to the same Mahler class ([Bur]).

In terms of Lebesgue measure, most real numbers are S-numbers.  In terms of Baire category, most numbers are Liouville numbers, which are U-numbers of order 1. ([Oxt])
2.9 Elementary theories of real numbers
Here I will mention only two developments:

The real numbers are a model of the first-order theory of real-closed fields.  Tarski proved that this theory is decidable: there is an algorithmic procedure to determine if a sentence in the first-order language of real numbers (with constants 
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, predicates = and <) is true or false ([Jac]).
Nonstandard analysis is a system devised by Abraham Robinson that rehabilitated the notion of an infinitesimal.  One construction is an ultrapower of a first-order model of the real numbers that contains all possible constants, functions, and predicates.  In this system, real numbers are either standard or nonstandard, and every bounded nonstandard real number may be uniquely written as a sum of a standard real number and an infinitesimal.
2.10 Surreal numbers

Surreal numbers were discovered, or invented, by John Conway, as a subclass of a system of finite two-person games.  Games are built up with a kind of 
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induction, and numbers are the games that satisfy a hereditary order condition. ([Con])
One development of the surreal numbers is to define a surreal as an ordinal-length sequence of +’s and –’s ([Gon]). The order (“birthday”) of a surreal number is the length of the ordinal sequence. Surreals are lexicographically ordered by -, (empty), +.
The surreal numbers, as a proper class, form an ordered field.  The real numbers are a subfield of the surreals of order ≤ ω.
Some examples of surreal numbers in order:
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The surreals of order < ω include all dyadic fractions.  The surreals of order ≤ ω include:

all real numbers


all dyadic fractions ± 1/ω

± ω
2.11 Many more views of the real numbers

The list of topics is somewhat arbitrary and personal, and several other topics may be included in this text: 

Geometry axioms for the real line


Real numbers as infinite continued fractions

Numeration schemes for real numbers

Alternative foundations: constructivism, intuitionism, nonstandard set theory

Computational approximations to real numbers: floating point numbers, interval
arithmetic, and so on.


Complexity and randomness measures on real numbers (for example, Turing 
degrees)


Historical and philosophical perspectives: the real numbers as an idealization of a
measurement, the meaning and use of infinitesimals, and so on.

Real numbers as a representation of an infinite sequence of Bernoulli trials


Real numbers generated by formal languages


Digit patterns in real numbers, such as normal numbers.


Real numbers as set-theoretic codes.  A real number may code a cardinal collapse, 
a countable model of set theory, a Borel set, or a strategy for an infinite two-



person game.
3.  Organizing Multiple Theories

The goal of the hypertext on real numbers is not a grand general architecture encompassing all views of the real numbers.  Nor is it a simple listing of topics in unrelated slots.   The goal is a readable, searchable, general introduction to the real number system in its many aspects.  It should lead to more extensive texts on any topic, but it must also show relationships across categories.  It must be in a form that is easy to update and extend. It must help readers search for a topic, even when they don’t know exactly what they are looking for.

The design of the hypertext calls for a very light formal structure, and relies on editorial policy to define the larger shapes.  Most of the text in the system will be in one of two forms: book text and core text.
Book text is mostly linear text that contains the full mathematical development of a particular topic: proofs, examples, applications, and conjectures.  Compared to mathematics books, book texts are shorter and more narrowly focused.  Book texts are themselves linked together in chains or trees.

Core text contains short, dense, informal, highly-linked pieces of text, with many purposes: introducing another text, footnotes and extensions, previews and surveys, discussions and meditations.  The present discussion of real numbers is based on the construction of a core text on real numbers.
The core text for the real numbers links to other core texts on related subjects: complex numbers, vector spaces, functions of a real variable, set of real numbers, and other topics. 

The core text on the real numbers begins with a long introductory essay, with numerous branches to other core text.

The core text is allowed a certain degree of repetition.  For example, a discussion of p-adic real numbers may appear in a core text for rational numbers as well as a core text for real numbers. Both texts would preview the content of a longer book text.

4.  Building the text

The text can only grow and flourish with collaboration.  The particular text on the real numbers reflects the author’s viewpoint and limitations, and another mathematician may produce a very different sketch.
The text must be seen as a very long-term project that may take decades to build.  It must adapt to the changes in the infrastructure on which it is built.

The building of large-scale structures of mathematics, of continuous text with the ideas of many individuals, arranged into a coherent shape and organization - that is the true goal and reason for developing this text.

Conclusion
A hypertext structure has the capability of discussing an extremely broad topic, the meaning and uses of the real numbers in mathematics, in a reasonably coherent fashion.

It presents a series of challenges, in how to arrange these various topics into a more useful and unified presentation.
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